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1 Introduction 

In the 1930s Hecke [SI [9] formalized a general correspondence between automor- 
phic forms and Dirichlet series. Hecke's work generalized Riemann's use of the 
transformation law for the elliptic 6'-function to derive the functional equation 
for the zeta function ({s) in '20]. 

Hecke studied automorphic forms with respect to an infinite class of discrete 
groups that act on the upper half plane as linear fractional transformations. 
These groups have become known as the Hecke groups, and include the modular 
group r(l) = PSL(2,Z). 

In [3] Eichler introduced generalized abelian integrals, which he obtained 
by integrating modular forms of positive weight. An Eichler integral satisfies 
a modular relation with a polynomial period function. In [llj and |12| Knopp 
generalizes Eichler integrals and develops the theory of automorphic integrals 
with rational period functions. Knopp shows that an entire modular integral 
corresponds to a Dirichlet scries that satisfies Hecke's functional equation, pro- 
vided the rational period function has poles only at or cxd. Knopp also proves 
a converse theorem, from which it follows that if a rational period function 
has any other poles the corresponding Dirichlet series cannot satisfy the same 
functional equation. 

In [7j Hawkins and Knopp prove a Hecke correspondence theorem for modu- 
lar integrals with rational period functions on Tg, the theta subgroup of r(l). In 
this correspondence the Dirichlet series functional equation contains a remain- 
der term that corresponds to the nonzero poles of the rational period function. 
Hawkins and Knopp observe that their theorem implies that an automorphic 
integral with a rational period function on one of the Hecke groups must cor- 
respond to a Dirichlet series that satisfies a functional equation similar to the 
one they found. Hawkins and Knopp also point out that since the Hecke groups 
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have two group relations, while Tg has a single group relation, rational period 
functions on Hecke groups have more structure than rational period functions 
on r^. Thus for Hecke groups the corresponding remainder terms must have 
more structure than the ones discovered by Hawkins and Knopp, a fact that a 
full correspondence theorem in this setting must reveal. 

In [5j this author proves a Hecke correspondence theorem for modular inte- 
grals with rational period functions on r(l), which is one of the Hecke groups. 
We show that the remainder term for the Dirichlet series functional equation 
satisfies a second relation that corresponds to the second group relation in r(l). 

In this paper we extend the correspondence to a class of automorphic inte- 
grals with rational period functions on any of the Hecke groups. We restrict 
our attention to automorphic integrals of weight that is twice an odd integer 
and to rational period functions that satisfy a certain symmetry property we 
call "Hecke-symmetry." We show that the remainder term in the Dirichlet se- 
ries functional equation satisfies a second relation that generalizes the second 
relation in [3] . 



2 Hecke groups and fixed points 

Let A be a fixed positive real number and put S = Sx = (l T = {i~q^), and 
/ = ( 1 ). Define the group G(A) = (5, T)/{±I} C PSL(2, M). Elements of this 
group act on the Riemann sphere as linear fractional transformations, that is, 
Mz = ff±3 for M = ( ° ^) e G{X) and z e C U {oo}. This action preserves the 
real line and the upper half-plane Ti.. 

Erich Hecke [HI [H] showed that the values of A between and 2 for which 
G{X) is discrete are 

A = Ap = 2 cos(7r/p), 

for p = 3, 4, 5, . . .. These discrete groups are the Hecke groups, which we denote 
by Gp = G{Xp) for p > 3. Each of the Hecke groups has two group relations, 
which may be written = {ST)p = I. (Note that we are identifying / and 
— /, since these are projective groups.) The first of these groups is the modular 
group G3 — G(l) — r(l). For the rest of the paper we fix the integer p> 3 and 
the real number A = Ap. 

An element M = ( " d ) ^ Gp is hyperbolic if |a-|-d| > 2, parabolic if \a+d\ = 2, 
and elliptic if |a + (i| < 2. We designate fixed points accordingly. The element 
M={-b) fixes 

a - d± J id - a)2 + 46c 

z = 

2c 

a-d± y/{a + d)'^ - 4 
" Yc ' ^ ' 

so hyperbolic elements of Gp have two distinct real fixed points. Since Gp is 
discrete, the stabilizer of any complex number is a cyclic subgroup of Gp 
page 15] . If a is a hyperbolic fixed point of Gp we call the other point fixed by its 
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stabilizer the Hecke conjugate of a, and we denote it by a'. A straightforward 
calculation shows that if a is hyperbolic and M £ Gp, then [Ma)' — Ma' . If 
i? is a set of hyperbolic fixed points of Gp we write R' — {x' | x £ i?}. We say 
that R has Hecke symmetry ii R — R' . 

3 Automorphic integrals 

Suppose is a function holomorphic in the upper half-plane Ti. with the Fourier 
expansion 

oo 

F(z) = ^ a„e2— /\ (2) 

n=0 

for z E H. If for every z E H, F satisfies the automorphic relation 

z-'^'fI^^^ ^F{z) + q{z), (3) 

where q{z) is a rational function and 2k G 2Z+, we say that F is an entire 
automorphic integral of weight 2k on Gp with rational period function (RFF) 
q. If g = then F is an entire automorphic form of weight 2k on Gp. For 
= (c d) ^ s-iid F{z) a complex function, we define the weight 2k slash 
operator F \2k M ^ F\M by 

{F I M) (z) = {cz + dy^^F [Mz) . 

With this notation we may rewrite the automorphic relation ([3|) as 

F\T^F + q. 

A calculation shows that F \ M1M2 = (F | Mi) | M2 for Mi, M2 e Gp. We 
use this and the group relation — I to calculate that a RPF q satisfies the 
relation 

q\T + q = 0. (4) 
In a similar way the relation {ST)p = I implies that q satisfies a second relation 

q + q\ ST+--- + q\ {ST)P-^ ^0. (5) 

Knopp [ini Section II] showed that ^ and ([5]) characterize the set of RPFs for 
a given group and weight. 



4 Binary quadratic forms 

Hawkins [B^ pointed out a deep connection between RPFs on the modular group 
and classical binary quadratic forms. Schmidt [22j and Schmidt and Sheingorn 
[23] observed that similar connections exist between RPFs on the Hecke groups 
and binary quadratic forms with coefficients in Z[Ap]. We give properties of 
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these binary quadratic forms in [TH] and we exploit the connections to RPFs 
on the Hecke groups in jj]. In this section we describe the results we need to 
describe the structure of RPFs and to develop our correspondence. 
We consider binary quadratic forms 

y) = Ax^ + Bxy + C^/^ 

with coefficients in Z[A]. We denote such a form by Q = [A^ B, C] and refer to 
it as a Ap-BQF or a A-BQF. We restrict our attention to indefinite forms, which 
have positive discriminant D = — AAC. 

Elements of a Hecke group act on A-BQFs by [Q o M) (x, y) — Q{ax+by, cx+ 
dy) for g a A-BQF and Af = ^j) e Gp. Since Qo M = Qo (-Af), this 
definition does not depend on our choice of coset representative. A calculation 
shows that B'^ — AA'C = B^ — AAC, so the action of a Hecke group preserves 
the discriminant. We say that Q and Q are Gp- equivalent, and write Q ^ Q, ii 
there exists a. V Gp such that Q = Q o V . Gp-equivalence is an equivalence 
relation, so Gp partitions the set of A-BQFs into equivalence classes of forms. 

In [in] we describe a one-to-one correspondence between hyperbolic fixed 
points of Gp and certain Ap-BQFs. In order to do so we use a variant of Rosen's 
A-continued fractions |21U22| to first map every hyperbolic point a to the unique 
primitive hyperbolic element Ma G Gp with positive trace that has a as an at- 
tracting fixed point. This mapping associates Hecke conjugates with inverse 
elements in the Hecke group, that is, A/q' = ^a^- We then map every prim- 
itive hyperbolic element = d) ^ with positive trace to the A-BQF 
Q = [c,d — a, —h]. The roots of Q{z, 1) = cz^ + {d— a)z — b are the fixed points 
of M given by (HI). Since every domain element for this map is hyperbolic we 
call the images hyperbolic A-BQFs. We also note that every hyperbolic A-BQF 
is indefinite. The composition of the two maps above associates every hyper- 
bolic fixed point a with a unique hyperbolic A-BQF that we denote Qa- These 
mappings are all injective, so the inverse of the composition exists; this inverse 
associates every hyperbolic quadratic form Q — [A, B, G] with the hyperbolic 

number ag = ~^2A^ ^ where D is the discriminant of Q. 

Suppose that V £ Gp and a and /3 are hyperbolic numbers. Then (3 — V~^a 
if and only if Qp — Qa o V for the associated forms, and if and only if = 
V~^MaV for the associated matrices. Now trace is preserved by conjugation, 
as is the property of a matrix being primitive. Thus every Gp-equivalence class 
of A-BQFs contains either only hyperbolic forms or no hyperbolic forms, so we 
designate A-BQF equivalence classes themselves as hyperbolic or not hyperbolic. 

If a hyperbolic quadratic form Q = [A, B, G] satisfies ^ > > C we say that 
Q is Gp-simple (or simple, if the context is clear). If Q is Gp-simple, we say that 
the associated hyperbolic fixed point ag is a Gp-simple (or simple) number. A 
hyperbolic number a is simple if and only if a > > a'. If ^ is a hyperbolic 
equivalence class of A-BQFs we write = {ag \ Q £ A, Gp-simple}, the set of 
associated simple numbers. 

Suppose that a is a hyperbolic number and that A is a hyperbolic equiv- 
alence class of A-BQFs. Then -A = {[-A,-B,-G] \ [A,B,G] e A} is also 
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an equivalence class of A-BQFs, not necessarily distinct from A. A calculation 
shows that Qa' ~ ^Qa, so Qa G .4 if and only if Qa' G —A. 

5 Rational period functions 

Choie and Zagier [T] and Parson [THI gave an explicit characterization of RPFs on 
the modular group that made possible the correspondence in [4] . The problem 
of finding a characterization of RPFs on all of the Hecke groups remains open, 
although several authors have done work in this direction [5J [T71 [121 [551 US] ■ 
These results provide enough information about the structure of RPFs on the 
Hecke groups for us to prove our correspondence theorem. 

In this section we summarize the results about RPFs on the Hecke groups. 
We give properties of RPF poles, quote a characterization of RPFs for the 
case we are considering, and describe modifications that emphasize the second 
relation 

Throughout this section we suppose that q is an RPF of weight 2k E 2Z+ 
on Gp with pole set V = V{q). We will not assume that k is odd or that q has a 
Hecke-symmetric set of poles until subsection 15.21 the results of subsection 15.11 
hold for all RPFs on Gp. 

5.1 Poles 

Hawkins 6 introduced the idea of an irreducible system of poles (or irreducible 
pole set), the minimal set of RPF poles, which must occur together because of 
the relations ^ and (O . Meier and Rosenberger [T7] observed that all the poles 
of q are real and Schmidt [22] proved that all nonzero poles are hyperbolic fixed 
points of Gp. 

Let and denote the positive and negative poles, respectively, in V, 
and put V* = U 'P~ ■ Schmidt [22] showed that V* is a disjoint union 
of "cycle pairs." We show in [S] that each of Schmidt's cycle pairs can be 
written as U TZ^, where ^ is a hyperbolic equivalence class of A-BQFs 
and TZ^ = {Ta \ a G Z^}. Each Z_4 U TZ_4 is an irreducible system of poles; 
the poles in Z_4 are positive and the poles in TZ^ are negative. In [5] we also 
rewrite the negative poles in an irreducible system of poles as TZ^ = Z^_^, 
where Z^ — {a' \ a £ Z^}. As a result we may write any irreducible system 
of poles as Z_4 U Z^_^ for some hyperbolic A-BQF equivalence class A. A set 
Z^ U Z'_ji^ has Hecke symmetry if and only if ^ = —A, so a Hecke symmetric 
irreducible systems of poles has the form Z^ U Z^. If all of the irreducible 
systems of poles of a RPF are Hecke-symmetric we say that the RPF itself is 
Hecke-symmetric. 
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5.2 RPF characterization 

Meier and Rosenberger showed that if an RPF of weight 2k E 2Z"'" on Gp 
has a pole only at zero, it must be of the form 



''^'^^Kil-z-^)+,z-\ if 2k = 2, 



for constants ly and 77. 

Let k be an odd positive integer and write Qa{z) — Qa{z, 1) for each A-BQF 
Q. Suppose that g is a Hecke-symmetric RPF of weight 2k on Gp. In [5] we 
show that every such RPF is of the form 

L 

q{z)^^de ^ Qa{zy'' + coqo{z), 

i=l a£Zj^^ 

where each Ae is a hyperbohc Gp-equivalence class of A-BQFs, the dg {1 < i < L) 
are constants, and qo{z) is given by (O. We will see that the part of q with 
nonzero poles determines the remainder term, so we write 

q{z) ^ q*{z) + coqoiz), (7) 

where 

L 

e=i aeZAf 

has poles 

L 

Since both q and cogo are RPFs, q* is an RPF as well and satisfies the relations 
(m and dSl). We show in [3 Lemma 9] that 



D''/^ {a - a')'' 



}a{zY {z — aY{z — a') 



(9) 



where D is the discriminant of the A-BQF Qa- Thus we may write q* and q 
more explicitly as 

q*{z)^Y.d,D~,''" E , M. ' (10) 

and 

= td,D-^'' E +^o.o(.). (11) 
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6 The direct theorem 



In this section we show that an entire automorphic integral of positive even 
weight on one of the Hecke groups may be associated with a Dirichlet series sat- 
isfying a functional equation. We restrict our attention to automorphic integrals 
of weight 2k {k odd) with Hecke-symmetric RPFs. We show that the Dirich- 
let series functional equation involves a remainder term, which comes from the 
RPF for the automorphic integral. 

Let k be an odd positive integer. Suppose that F is an entire automorphic 
integral of weight 2k G 2Z+ on Gp with Hecke-symmetric RPF q. We may 
assume without loss of generality that _F is a cusp automorphic integral, that 
is, flo = in the Fourier expansion 

Write z — x + iy with x,y E R. It can be shown [101 622-623] that F satisfies 

\F{z)\<K{\zr + y-^), zen (12) 

for some positive real numbers K , a and (3. It follows that the coefficients a„ 
in the Fourier expansion ^ for F satisfy 

a„ = 0{n^), n +oo. (13) 

This, with ao = in ([5]), implies that 

F{iy) = 0(e-2''^/^), y ^ +c5o. (14) 

The growth estimates (fT2)) and (fT4)) allow us to define the Mellin transform of 
F, 

$(s) = / F[iy)y''^, (15) 
Jo V 

a function of the complex variable s = a -\-it. This integral converges for a > (3. 
For CT > /3 -f 1, we can integrate term by term to get 

(t) (16) 

where 

CXD 

n=l 

is the Dirichlet series associated with F. The bound on the growth of the 
Fourier coefficients Un (fT3l) implies that the sum in (fTT]) converges absolutely 
and uniformly on compact subsets of the right half plane cr > /3 + 1, so that 
(f>{s) is analytic there. 

We invert part of the Mellin transform of F and use the automorphic relation 
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^ and the RPF decomposition ^ to get 

Jo y Ji \w J y 



Fi^y)y''^-^^ - f c,qoi^y)y''-^^ 

y Ji y 



Ji y 



Thus 
where 



D{s) 



rFity)[y^-y''-^]^, (18) 

Ji y 

E\s)^- r c,q,{iy)y^^-^^, (19) 

J I y 



and 

E*{s) = - r q*{iy)y^^~^^. (20) 

Ji y 

Now D{s) is entire and satisfies the functional equation 

D{2k - s) + D{s) = 0. (21) 

The expression (|6]) for go iniphes that 90(2) = 0(1) as \z\ 00, so the integral 
defining _E°(s) in (fT9| converges in the right half-plane u > 2fc. The expression 
([H]) for implies that q*{z) = O (jzl^^'') as \z\ 00, so the integral defining 
E* (s) in ([20]) converges in the right half-plane cr > 0. 

In order to write the functional equation for $(s) that is suggested by (|2ip 
we need meromorphic continuations of E'^{s) and E*{s) to the s-plane. We use 
^ to calculate that 



E%s)^{ :y-'' ' t^' ... .... : (22) 




where ao = aoco and 60 = boCQ. In every case E'^{s) has a meromorphic con- 
tinuation to all of the complex s-plane, with simple poles at s = 0, 2k (and at 
s = 1 if 2fc = 2). Furthermore, E'^^s) satisfies the same function equation as 
D(s), 

£;"(2fc-s) + S°(s) = 0. 

For the meromorphic continuation of E*(s) we first use a partial fraction 
decomposition of the right side of ([9]) 

I k k 

{a - a')'' _ >r-^ Qm,a \ - bn,a' 



(z - a)''(z - a')'' ^(z-a)'^ ^ (z - a')" ' 
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where a„,„ = («-«')'"-' and = (2^--!) («_ a')""'. 

This along with ([8]) gives us 



L / fe k 



£=1 aeZ^j \m=l ^ ' n=l ^ ' ' 



where q = diD^ ^^"^ with Z?£ the discriminant of the BQFs in the equivalence 
class Ai- 

We use the integral representation for the hypergeometric function [141 equa- 
tion (9.1.6)] 

^F^[aMc■,z] = —^^J^^ ['y'-^l - yy-'-^l - yzy^dy, (24) 



mnc-b) Jo 

for Re(c) > Re(5) > and |arg(l — z)\ < n. We let a = m, 6 = to — s, and 
c = 1 + m — s for s a complex variable and m a positive integer, and we use a 
change of variables to invert, so 

f°" dy 1 , 

/ 7 = m,m-s;l + TO-s;z , 

Ji iy-z) y r-s 

for a < m and |arg(l — z)\ < n. We let z = ia for a g R and multiply by i"™, 
and get 

/■°° y" dy i-"^ , 1 / X 

/ 7^ — = 2Fi[m,m- s;l + m- s;-ia\, (25) 

(ly - a)™ y to - s 

for cr < TO. 

The expression (|23|) and formula ([25]) together imply that E*{s) is a finite 
linear combination of terms of the form 

j-ca 2k-s ^ ^-m 

/ ^ 2Fi[m,s-2k + m;s-2k + m+l;-ia], (26) 

J I [iy — aj"^ y s — 2k + m 

for a G V*, 1 < m < k, and cr > 2fc — to. Now the hypergeometric function 
2-Fi [a, b; c; z] is an entire function of a and b, and a meromorphic function of c 
with simple poles at c = 0, —1, —2, . . .. Thus the function in (|26p is meromorphic 
in the s-plane with simple poles at s = 2A: — m, 2fc — to — 1, 2fc — to — 2, . ... Since 
E*{s) is a finite linear combination of terms of the form (|26p with 1 < m < /c, 
we have that E* (s) is a meromorphic function with simple poles at most at 
s = 2A: — 1, 2fc — 2, . . .. Thus <i>(s) is meromorphic in the s-plane. 

We now show that $(s) is bounded in lacunary vertical strips of the form 

S{ai,a2;tQ) = {s = (7 + it \ (Ji < a < (J2,\t\ > to > 0} ■ (27) 

Now D{s) is bounded in every vertical strip since the integral in ([18]) converges 
for every s, |y^| — y'^ > y'^'^ and ly^'"'^"] = 2/^*^^°^ < y^'^^'^S and the integrand is 
unchanged as t — > oo. Also, the expression (1^^ shows that E^{s) is bounded in 
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every lacunary vertical strip, since its poles are excluded from every S{<7i, a2] to) 
and each term approaches zero as i cxd. 

It remains to show that E*(s) is bounded in every lacunary vertical strip. 
Since E*{s) is a finite sum of terms of the form (|26p. it is sufficient to prove 
that for every purely imaginary /3, and for I < m < k the function 

^ -2Fi[m,s-2k + m-,s~2k + m + l]f3] 



s-2k- 

is bounded in any S'(cri, (T2; io)- Given any lacunary vertical strip of the form 
(l27l) we use (EH) to write 



-2F1 [m, s - 2fc + to; s - 2A: + m + 1; /3] 



s — 2fc + TO 







for a > 2k — m and a S R. This integral is bounded in every S{ai, a2;to) for 
which (71 > 2fc- TO, since - /3y)-™| < y<Ti-2fe+m-i j^j. g > ai 

and < y < 1. If (Ti < 2fc — to we let n G Z+ such that ai > 2k — m — n and 
we integrate by parts n times. The result is 

1 

2F1 [to, s — 2fc + to; s — 2fc + to + 1; /3] 

" (_l)i+ir(s-2fc + TO)TO!/3J-i 



:- 2fc 



^ r(s - 2/c + to)(1 - /3)™+J-i(to - j + 1)! 

(_l)n+lr(s - 2/c + to)to!/3" f' ^^,_2k+m+n-l 



r(s — 2fc + TO + n)(TO — n)! Jq 



(28) 



for (7 > 2k—m—n. This integral is bounded in 5((Ti, (T2; io) since |yS-2fc+m+"-i(j^ „ ^^^-m-nj <- 
ycri-2fc+m+n-i j-q^. g > q-j^ and < ?/ < 1. The other expressions on the right- 
hand side of (|28|) are rational in s with simple poles at integer values, and they 
each approach zero as t ^ cxd. Thus the function in (|28p is bounded in every 
5'(i7i, (T2; to)j which implies that E*(s) and $(s) are bounded there as well. 

Since 3'(s) is meromorphic we may write the functional equation suggested 
by m, 

$(2A: - s) + $(s) = i?(s), (29) 

where R{s) is a meromorphic function we call the remainder term. By (I21|) and 
(??) we have 

R{s) = E*{2k- s) + E*{s), (30) 

so the remainder term depends only on q*{z), the part of the RPF with nonzero 
poles. The expression ((29|) (or (|30p ) implies that i?(s) satisfies the (first) relation 

R{2k - s) - R{s) = 0. (31) 
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We must calculate an explicit expression for R{s), in order to give meaning 
to (|29p and to prove the converse theorem. If we use the fact that q* satisfies 
the first relation ^ to replace q* {iy) in (PO)) and invert, we have 



E*{s) = - [\*{ty)y^^. 

Jo y 

On the other hand, if we substitute directly into ([20]) we have 

E*i2k^s) = - ^q*{^y)y^^. 

Jl V 



(32) 



(33) 



The integral in ([5^ converges for cr > since q*{iy) is bounded as y ^ 0, and 
the integral in ([55]) converges for a < 2k since q*{iy) — 0{y^'^^) as ?/ — > oo. 
Thus for < cr < 2fc we have 



Jo y 



(34) 



that is, R{s) is the negative of the Mellin transform of q*{z). This expression 
makes it clear that the first relation for q*(z) leads directly to the first relation 
for R{s). If we use Q to replace q*{iy) in ([M)) and invert the variable of 
integration we get ([?T|) . 

We will substitute the expression for q* given by PH)) into ([M]) and write 
R{s) as a linear combination of integrals of the form 



r 



dy 



[iy — a)^ {iy — a')^ V 



which converge for < cr < 2k. The evaluation of these integrals involves 
exponential functions of the form z"' = e°'°s^, where logz = logjzl + largz 
for z e C. We will take the principal branch for each logarithm, using the 
convention that —tt < argz < tt. We need the integral formula in the following 
lemma, which uses the beta function B{a,b) = ^-^{l+t) ^^'^ hypergeometric 



function. 



Lemma 1. Let k G Z+, and let 5 and e be nonzero real numbers that satisfy 
one of: 6 < < e, e < < 5, < e < S, or S < e <0. Then 



y° 



dy 



{iy - 5Y{iy - tY y 

'B{2k-s,s-k){5-e)-^ 



2F1 



fc, 1 — fc; fc — s + 1; ■ 



-5 



+zV-'=B(s,A:-s)(<5-e)-SFi 



kA — k: s — k + \\ 



(35) 



forO<Res< 2k. 
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Proof. At several places the proof below involves branching questions that re- 
duce to calculations of the form {Z1Z2Y = zfz2, which is valid if arg(zi) + 
arg(z2) = arg(ziZ2) using our argument convention. 

We start with and change variables by letting y = We also let 

z = 1 — v/w, where w is a positive real number and w € C \ R, which implies 
that I arg(l — z)\ = |arg(?;/u;)| < tt. The result is 



u''-\u + + vu^du = w-°-B{b, c-b) 2F1 [a, 6; c; 1 - v/w], 



for Re c > Re 6 > 0, u > and w G C \ R. We change variables again by letting 
u = y/v, and put a — k, b — s, and c = 2fc (fc e Z+ and s G C) so that 



dy 



{y + v)''(y + w)'' y 



'B{s, 2k - s) 2F1 [fc, s; 2k- l~v/w\ 



for < cr — Re (s) < 2fc, w > and w G C \ R. We will apply the two identities 
for hypergeometric functions [131 equations (9.5.3) and (9.5.9)], 

2F1 [a, 6; c; z] = (1 - zf-''-'' 2F1 [c-a,c-b; c; z] , (36) 

for I arg(l — z)| < tt, and 

r(c)r(6 — a) 

2Fi[a,b;c;z\ = (-z) — — — 2-^1 a, 1 + a - c; 1 + a - 5; 1/z 

T(c-a}T{b) 

(37) 

for I arg(— z)| < tt and | arg(l — z)| < tt. We apply ([37]) with a — k, b — s, c — 2k 
and z = 1 — v/w, and get 

dy 



(2/ + w)'^(?/ + w)'= y 

u'^'^X'^ - ^«)"''-B(2fc - s, s - fc) 2i^i 



k,l — k;k — s + 1; 



w — V 



+v''-^w'-''{v - wyBis, k-s) 2F1 



s.l + s — 2k: s — fc + 1: 



for < CT < 2fc, > and u; e C\R. Next we apply ([55)) to the hypergeometric 
function in the second term, with a — s, b=l + s — 2k, c = s — k + 1 and 
z — —z^. After simplifying we have 



r 



dy 



{y + v)'' {y + w)'' y 

!;"-'=(« - w)-^B{2k -s,s-k) 2F] 



+w'-''{v - wy^Bis, k-s) 2F1 



fc, 1 — fc;fc — s+1 
fc.l — fc:s — fc + l; — 



w 



w — V 
w 



(38) 
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for < cr < 2k, V > and w G C \ R. Next we restrict w to arg w = ±7r/2 and 
put V = 6i and w = ei in (j38[) . A simplification gives us (j35[) for argj = —tt/2 
and e e R, e 7^ 0. 

To complete the proof we must consider the possible values of 6 and e. We 
consider 5 to be a complex variable and do an analytic continuation of psp in 5 to 

the region — tt < arg (5 < 7r/2 subject to the restriction that arg ^1 — ^ 

< TT. If we let (5 e R, this restriction is > 0, which implies the 



(A) 



arg 

restrictions given in the statement of the Lemma. 

We calculate R{s) explicitly by substituting into p4|) to get 

T 

dy 



□ 



Ris) = -Y, diD, 



-k/2 



1=1 



E 



(a -a') 



[iy — a)^ [iy — a')^ y 



for < (T < 2fc with Z?£ the discriminant of the A-BQFs in Ai. We may apply 
Lemma [1] to the integrals in this expression, since a > > a'. This gives us 



R{s) 



L 



fe/2 . 



-fc 



B(2k 



fc, 1 — fc; fc — s + 1; 



1; 



a 



}• (39) 



We may use this expression to verify directly that the remainder term sat- 
isfies the first relation (l3T|) . We use ([39|) to write R{2k — s), then use the fact 
that a G Z_A implies — ^ = 7' and = 7 G -2^, as well as a calculation that 



to obtain R{s). 



We have proved the following theorem. 

Theorem 1. Fix p > 3, let X — Xp, and let k be an odd positive integer. 
Suppose that F{z) is an entire automorphic integral of weight 2k on Gp with 
Hecke- symmetric rational period function q{z) given by ([H]). Suppose that F has 
the Fourier expansion ^ with zero constant term, and that $(5) is given by 
p5|) for Re{s) > (3, for some positive (3. 

Then for Re{s) > /? + 1 $(s) is also given by (jl6[) and (I17p . and 

(a) $(5) has a meromorphic continuation to the s-plane with, at worst, simple 
poles at integer points m < 2k; for Re{s) > (3 we have 

<^>{s)^D{s)+E''(s)+E*{s)- 

D[s) is given by (jlSp and is entire, while E^(s) and E*{s) are given by (jl9p 
and (I20p (respectively) and have meromorphic continuations to the s-plane; fur- 
thermore, 

(b) ^'(s) is bounded in every lacunary vertical strip of the form (j27p . and 

(c) $(s) satisfies the functional equation (j29p with R{s) given by p9p . 
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7 The second relation 



We have observed that the remainder term R(s) satisfies one relation ((3T|) . In 
this section we show that i?(s) must satisfy a second relation, which follows from 
the fact that the corresponding RPF q*{z) satisfies the second relation ([S])- We 
first modify ([5]) in order to exhibit the fact that q* satifies ((S]). 

We let U = ST = and focus on the effect of U on the poles of an 

RPF. Schmidt proves in [52] that if a G 7^*, then C/™a € V* for exactly one m, 
1 < m < p—1. Thus we may separate the poles in V* into pairs that are images 
of each other under some power of U. For each pair of poles we will determine 
the power m from the sizes of the poles. 

A calculation shows that 

^ UP{0) < UP-\0) < ■ ■ ■< U^{Q) < U{0) ^ oo, 

so we may partition the extended real line into a disjoint union of p half-open 
intervals, 

[-00, oo) = [-C30, C/P(0) ) U [C/f (0), UP-\0) ) U • • • U [U^O), [/(O) ). (40) 

U maps each interval to the previous interval, the first to the last, and left 
endpoints to left endpoints. We denote the jth interval of by Ij, that is 
Jj- = [f/P-J+2(0), UP-3+^{0) ) for 1 < j < p. We note that aU negative poles are 
in Ii and each positive pole is in one of the Ij, 2 < j < p. 

Lemma 2. Fix p > 3 and 2 < j < p. For every Gp- equivalence class A of 
Xp-BQFs we have {/?' | /? G n Ip-j+2} = {U^~^a \ a e Z^n Ij}, where Ij 
is the jth interval of (|40p and j3' is the Hecke conjugate of p. 

Proof. We show containment in both directions. First suppose that 7 G {/?' | /3 G n Ip-j+2}, 

so 7 = for some (3 in both Z__4 and Ip_j+2- Let a = Up~^^^j, so 7 = U^'^^a. 

We need to show that a is in both Z_4 and Ij. Now P is simple, so 7 = /?' G /i, 

which implies that a — U^^^^^^j G Ij. We also have 7' = /3 G Ip-j+2, so 

a' = [/P~-J'+i7' e Ii. Thus a' < < a, so a is simple. Now (3 G imphes 

that Qp G —A, so — Qi3' G A. But since a = Up~^~^^j this means that 

Qa G A. Thus a G Z_a_ and we have shown that {/?' | f3 G Z-a H Ip-j+2} C 

{W-^a I a G Z^n/j}. 

The demonstration of containment in the other direction is a similar calcu- 
lation. □ 

Lemma [2] means that every negative pole of an RPF is connected by a 
power of [/ to a positive pole. Specifically, if f3' G , then (3' = U^''^a for 
some a G V'^. The power j — 1 is determined by the size of /3, the Hecke 
conjugate of /?'. Although Lemma [2] holds for all equivalence classes of Xp- 
BQFs, we will apply it to equivalence classes that have Hecke-symmetry. In this 
setting equivalence classes satisfy — A = A, so we have {(i' \ (5 G Z^ n /p-_j+2} = 
{U^-'^a I a G -Z^n/j}. 



14 



Since k is odd and Qa — ~Qa' we have 
Using this to replace half of q* in ([8]) we have 

Now every a G 2^^^ is positive and thus in one of the intervals Ij , 2 < j < p, of 
(|1D|) . We write g* in a way that exhibits these intervals as 

«*W = EyE E (Q^W-'^-Qa'W-'^)- (41) 

Now 2 < j < p if and only if 2 < p — j + 2 < p, so 

E Qa'W"'= E Qc'izr' 
= E Qc/^-iaC^)"''- 

We have used Lemma [2] for the second equality. We relabel the constant for 
each irreducible system of poles and combine this with (pij) to write 

L p 

9*w = E^^E E (.Q^i^^r'-Qw^^M)-")- (42) 

We turn our attention to the second relation for the remainder term. We 
define 

R{s;a,b) = {a-b)^ T- ^1 (43) 

for s a complex variable with < Re(s) < 2k and for a and b nonzero real 
numbers. We substitute (|42| into (p4)) and use Q to write an alternative 
expression for the remainder term, 

L p 

i?(s) = - E Cf^^''^' E E {R{s;a,a')-R{s;W-^a,W^a')) . 

l=\ j=2a(^ZAiV\h 

(44) 

We define a mapping acting on expressions of the form (f43|) by 

p (i? (s; a, b)) = -R{2k-s;a-X,b-X). (45) 

We extend the action of p to linear combinations of terms of the form (|43)) by 
linearity, and note that p is of order p. The next lemma will allow us to write 
the second relation for i?(s) using p. 
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Lemma 3. ~R (2fc - s; a - A, 6 - A) = B (s; IJ-^a, IJ-^b) 

The proof of the lemma uses the integral definition a change of vari- 

ables, and some simple manipulations. 

Theorem 2. Fix p > 3, let A = Ap, anrf /ei p 6e the mapping defined by (|45p . 
Suppose that R{s) is a remainder term for the Dirichlet series that corresponds 
to an entire modular integral with a Hecke- symmetric rational period function 
on Gp. Then R{s) satisfies the (second) relation 

R + p{R)+p'^{R) + --- + pP-\R)^0. (46) 

Proof. Suppose that R is an expression in the domain of p. Then a calculation 

shows that for any positive integer m the expression R — (^R^ satisfies the 

second relation (|46l) . We use Lemma [3] to rewrite the expression ([44]) for R{s) 
as 

L p 

R{s)^-J2^iD;^^'J2 E iR{s;a,a')-pP~^+'{Ris;a,a'))). 
Thus R{s) is a linear combination of terms of the form 

R ~ (i?) , 

so i?(s) satisfies (06]). □ 



8 The converse theorem 

We now prove the following converse to Theorem [TJ 

Theorem 3. Fix p > 3, let X = Xp, and let k be an odd positive integer. 
Suppose the Dirichlet series (|17p converges absolutely in the half-plane Re{s) > 
7. Suppose that the function $(s) defined by (|16p satisfies 

(a) $(s) has a meromorphic continuation to the s-plane with, at worst, simple 
poles at integer points; 

(b) $(s) is bounded in every lacunary vertical strip of the form (j27p and 

(c) $(s) satisfies the functional equation (|29p with R{s) given by ([39|). Then 
(j){s) is the Dirichlet series associated with an entire automorphic integral of 
weight 2k on Gp with Hecke- symmetric rational period function given by pT|) 
and 

Proof. We write s = ct + it, with a-,t € R. Since ([T7|) converges absolutely 
in the half-plane ct > 7, we have a„ = O {n'^~^), so F{z) = X]^o 
converges for z eH. We follow Riemann [20j and Hecke [3 [9], take the inverse 
Mellin transform of $(s) and rearrange to get 

-1 />c+ioo 00 

— / <i>{s)y~^ds = J2 = F{ty), 
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for any c > 0. The interchange of the sum and integral is vahd by Stirling's 
formula p. 224] 



|r(a + it)| -\/2^|tr-i/2g-^iti/2^ 



(47) 



as \t\ — > oo. Let M be a positive integer with M > j and M > 2k, and fix c 
with M < c < M +1. We move the line of integration from cr = c to a = 2k — c. 
In order to do so we use the fact that 



lim 



c+iT 



^{s)y-'ds = 0, 



2k- C+iT 



which follows from the fact that ^(s) is bounded in the lacunary vertical strip 
S{2k — c,c;to), along with Stirling's formula ([T7|) and the Phragmen Lindelof 
Theorem [24} p. 180]. The integrand ^{s)y^'' has possible poles at the integers 
between the lines of integration, except it does not have a pole at s = M since 
0(s) converges absolutely for a = M . We pick up the residues at these poles, so 



F{iy) 



1 

27ri 



p2k-c+ioo 1 M-1 

/ ^s)y-'ds + — Res{$(s)y-^} 



p2k—c-\-iGo 
/ 2k—c—ioo 

We use the functional equation ([29)) and a change of variables to calculate that 

l>2k-c+ioo -. -A/-1 

/ 2k—c—ioo 



1 

{F\T) {iy)-F{iy) = -— j^^ 



R{s)y-'ds~— Res{$(s)}y- 

m=2k—M 



(48) 

In order to evaluate this integral we invert the formula in Lemma [T] Since 
the integral in ([55]) converges absolutely for < cr < 2fc and since f^^y_g^kf^^y_^^k 
is of bounded variation, we have the inverse Mellin transform '25' Theorem 9a] 



d+ioo 



— I {i'S'-^B{2k-s,s-k)2Fi 



k,l — k;k — s + 1: 



i'e'-^Bis^k- s)2Fi 



k,l — k: s — k + I: 



}y-'ds 



{iy — 5)^{iy — e)^ ' 



(49) 



for < fi < 2fc and y > 0, and for (5 < < e, e < < (5, < e < (5, 
or (5 < e < 0. We move the line of integration for the integral in from 
(T = 2/e — c to = 1/2, and pick up the negatives of the residues of R{s)y~^ at 
s = 2k — M,2k ~ M + 1, . . . ,0. We may do so because 



lim 

ITHoo 



1/2+iT 



R{s)y-'ds = 0, 



2k-c+iT 
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which follows from the fact the the Beta functions in (|39p have exponential 
decay as |i| ^ oo and all of the other functions are bounded as \t\ oo. Thus 

r.l/2+ioc- 



1 pL/z+ica 1 " 

{F\T){zy)-F{iy) = -— R[s)y~^ds+— ^ Res y^' 

— Res{$(s)}y-™. (50) 



27ri s=m 
m=2fc-M 



We substitute into the integral and apply to get 



L 



fc/2 (q^ - a') 



{iy- aY{iy- a'Y 



?n=2fc-Af 

-— ^ Res {$(.)} 3 

m=2k-M 





M-l 



m=2k-M m=2k-M 

where = ReSs=„ {i?(s)} and 5™ = ^ Res^^m {$(s)}. The identity 
theorem gives us 

(FIT) = 

for z where 

q{z)^q*{z)+ amz^"'+ ^ h 



M-l 
m=2k-M m=2k-M 



is a rational function of z. Thus F is an entire automorphic integral of weight 
2k on Gp with RPF q. Now g* is a Hecke-symmetric RPF, so q{z) — q*{z) must 
be an RPF with a pole only at zero. Thus q{z) — q*{z) must have the form 
^. □ 

Remarks, (i) The fact that q{z) — q*{z) has the form given in ([6]) means that 
6m = for 2fc < m < M. This implies that $(s) cannot have a pole at any of 
the values s — 2k + 1,2k + 2, . . . , M — 1. This is an additional restriction since 
we originally assumed only that (j){s) converges absolutely in some half-plane 
Re(s) > 7. 

{ii) The fact that q{z) — q*{z) has the form given in ^ also means that 
a,n + b,n = for 2k - M < m < 2k with m ^ Q (and to 7^ 1 if 2fc = 2). This 
implies that for these values of to 

Res {i?(s) - $(s)} 0. (51) 
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The fact that this holds for 2fc — M < m < imphes that even though $(s) and 
R{s) both have poles at negative integer values, the residues must all cancel. 
{Hi) If we apply the functional equation (^5)1 to ([?T|) we get 

Res{$(2fc-s)} = 0, 

S—m 

i0T2k- M <m<2k with m ^ (and m 7^ 1 if 2A: = 2), or 

Res {$(71)} = 0, 

S—n 

for < 71 < Af with n ^ 2k (and n 7^ 1 if 2fc = 2). For 2k < n < M this is our 
observation in (i). 
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